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Abstract 

In this paper we give a characterization of atomic decompositions, 
Banach frames, X^-Riesz bases, X^-frames, X^-Bessel sequences, se- 
quences satisfying the lower X^-frame condition, duals of X^-frames 
and synthesis pseudo-duals, based on an operator acting on the canon- 
ical basis of a sequence space. We also consider necessary and sufficient 
conditions for operators to preserve the sequence type of the listed con- 
cepts. Further, we discuss relationships between expansions in X and 
X*. Finally, we apply some of the results to problems in Hilbert frame 
theory. 
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1 Introduction and basic definitions 



The frame- concept was introduced by Duffin and Schaeffer [TT] in 1952. The 
sequence (gi)°Zi is called a (Hilbert) frame for the Hilbert space TL with 
bounds A, B if A and B are positive constants and v4||ft-|| 2 < I (^j 9i)\ 2 — 
B\\h\\ 2 for every h E 7i. It took many years till the importance of frames 
was realized. Around 1990, the frame-theory began to develop in connection 
with Gabor analysis and wavelets [T^l [T2| IT3] . Nowadays, frames are very 
important both for theory and life-applications. For more on frame-theory 
see jU 13 [2TJ [22]. What makes frames very useful is that they require less 
restrictive conditions on the sequence elements compare to orthonormal bases 
and still they allow reconstructions of the space elements. If (gi)^ is a frame 
for H, then there exists a frame (fi)^i for "H so that 

oo 

f = Y,(f,9i)fi, V/ eft, (1) 

i=l 

and 

oo 

S = X>,/i)<fc, VgtK; (2) 
i=i 

such a frame {fi) c *^ 1 is called a dual frame It is of importance that 

overcomplete frames (i.e. frames which are not Schauder bases) have infinitely 
many dual frames. For example, while the canonical dual of a Gabor frame 
is also a Gabor frame, in [15j one can see an example of a wavelet system 
for which the canonical dual does not have the wavelet structure, but there 
exist other dual frames with the wavelet structure. Characterizations of the 
dual frames of a given frame can be found in (51 EJ 123] . 

There exist overcomplete frames (gi)fZi such that both expansions ([I]) 
and ([2]) hold via a sequence (fi)°Zi which is not a frame (consider, for ex- 
ample, the frame (<?i)^i = (|ei, e 2 , ^-ei, e 3 , ^-ei, e 4 , . . .) and the sequence 
(/i)i=i = (ei, e 2 , ei, e 3 , ei, e 4 , . . .), where (e^)^ denotes an orthonormal basis 
for %). Furthermore, there exist overcomplete frames (g^^ and non-Bessel 
sequences (fi)^ so that ([[]) holds and ([2]) does not hold, see Example 13.51 
In the present paper we characterize all the sequences (fi)^ satisfying ([T|) 
for a given frame (<7j)^i and call them synthesis-pseudo duals (in short, s- 
pseudo-duals) of {g^^- For investigation of series expansions in a subspace 
"H of H via a frame for %q and a sequence which does not necessarily belong 
to Hq, we refer to [18J. 
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A natural extension of the frame inequalities to Banach spaces leads to 
the concepts p- frame |2] and X^-frame [H] (see Definition II. ip . In contrast 
to the frame-case, the X^-frame inequalities do not necessarily lead to recon- 
struction via series expansions. With aim to have reconstructions, atomic 
decompositions (giving reconstruction via series expansions) were considered 
by Feichtinger and Grochenig [16, [171 ED] and the concept of Banach frame 
(giving reconstruction via an operator) was introduced in j2U]. Historically, 
first atomic decompositions and Banach frames were introduced, and after 
that the concepts p-frame and X^-frame appeared. 

Definition 1.1 Let X be a Banach space, Xd be a BK -space (i.e., a Ba- 
nach sequence space for which the coordinate functionals are continuous) and 
{9i)iZi £ (X*) N . The sequence (pt)^i is called a Banach frame for X with 
respect to Xd if 

(i) ( 9i (f))Zi e x d , V/ G X; 

(ii) 3 positive constants A and B so that < ll(^i(/))£illx d < 
B\\f\\ x ,VfeX; 

(iii) 3 bounded operator Q : Xd — > X so that Q{gi{f))^i — f, V/ G X . 

Let (filial G X N . The pair ((g^^i, (fi)iZi) is called an atomic decompo- 
sition of X with respect to Xd if (i) and (ii) hold and 

(hi') f = Y£±9i(f)fu v/gx. 

The sequence (fl^)^ is called an X^- frame (resp. X^-Bessel sequence) for 
X if (i) and (ii) (resp (i) and the upper inequality in (ii)) hold. 

It is said that {gi)'£L 1 satisfies the lower X^-frame condition if the lower 
inequality in (ii) holds for all those f for which {gi(f))i^i G Xd- 

When Xd = i v , an Xd-frame is called a p-frame. 

In the present paper we characterize all the concepts from the above 
definition. When Xd = i 2 and X is a Hilbert space, characterizations of the 
corresponding concepts can be found in jSJ [3] and references therein. Note 
that if X d = I 2 and X is a Hilbert space, then X^-frame, Banach frame 
and the first sequence in an atomic decomposition mean the same (namely, a 
Hilbert frame). For general Banach spaces, these three types of sequences are 
not the same, for a detail discussion about their relationship and differences 
see |31j . Recall that Hilbert frames which are at the same time Schauder bases 
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are called Riesz bases. Riesz bases were generalized to Banach spaces under 
the name of Xj- Riesz bases. The concept of X^-Riesz basis was established by 
Feichtinger and Zimmermann [19J. Another definition for an Xj- Riesz basis 
is considered in [28J, motivated by the definitions of a p- Riesz basis in |2| ITU]. 
When Xd has the canonical vectors as a Schauder basis, the definitions in 
[19J and [28J are equivalent. 

Definition 1.2 Let Y be a Banach space andXd be a Banach sequence space. 
A sequence (gi)°Zi G Y n is called an Xd-Riesz basis for Y with bounds A,B, 
if it is complete in Y , the constants A and B are positive, and 



i=i 



Ci9r 



<B\\(c t )Zi\\x^ V( Ci )r =1 6l d . (3) 



The paper is organized as follows. Section [2] concerns the notation used 
in the paper. In Section [3] we give a characterization of the sequences defined 
in 11.11 and 11.21 based on an operator acting on the canonical basis of the 
corresponding sequence space. Given an Xd- frame G for a Banach space X, 
we then characterize all the sequences F which give atomic decompositions 
(G, F) of X with respect to Xd', among those F, we characterize the ones 
which have "dual" properties, namely, which are XJ-frames for X*. Further, 
we discuss connections between expansions in X and X*. When G is an X#- 
frame for X, validity of the representations / = 9i{f)fh W £ X> * s n °t 
equivalent to validity of the representations g = 9{fi)9ii ^9 £ X*, even 
in the Hilbert-frame setting (see Example 13.51) . If / = Y^=i9i(f)fii W ^ ^> 
we determine a subset of X* where the representation g = YliLi 9(fi)9i holds. 
SectionH]concerns operators which preserve the sequence type. We determine 
necessary and sufficient conditions, discussing the case of bounded operators 
and the case of not necessarily bounded ones. Applying results from Section 
|3l in Section |5] we solve some problems in Hilbert frame theory. In particular, 
we characterize all the synthesis-pseudo-duals of a Hilbert frame. 



2 Notation and Preliminaries 

Throughout the paper, X denotes a separable Banach space and X* denotes 
its dual; Xd denotes a Banach sequence space and X*j denotes its dual; % 
denotes an infinite-dimensional Hilbert space and (ej)?^ denotes an orthonor- 
mal basis of %. The letter G (resp. F) means a sequence (resp. (/i)^) 

with elements from X* (resp. X). A linear mapping is called an operator. 
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The domain (resp., the range) of an operator V is denoted by T>(V) (resp., 
1Z(V)). The space X d is called a BK -space if the coordinate functionals are 
continuous. If the canonical vectors form a Schauder basis for X d , then Xj 
is called a CB -space and the canonical basis is denoted by In partic- 

ular, the canonical basis of £ 2 is denoted by (5i)^l l . When X d is a C-B-space, 
then X® := {{VS^ : V e X*} with the norm ||(Wi)£Li|| x « := \\V\\ X , is a 

d d 

BK-sp&ce isometrically isomorphic to X^ [23] and for the rest of the paper 
Xj is identified with X®. If X d is reflexive and a CB-space, then X d is called 
an RCB-space. When X d is an i?C-B-space, then X® is a C-B-space and its 
canonical basis is denoted by (<5*)^ 1 . The linear span of some elements Xi 
from X, % G N, is denoted by lin{xj}^ 1 . The abbreviation 'wrt' stands for 
'with respect to'. 

For given C-B-space X d and sequence G G (X*) N , being an X^-Bessel se- 
quence for X or satisfying the lower X^-frame condition, the analysis operator 
U G and the synthesis operator T G are given by 

U G :V(U G )^X d , U G f = (9i(f))Zv (4) 

oo 

T G : V{T G ) -> X*, T G (c-)£i = ]T c^, (5) 

8=1 

where 2>(E7 G ) = {/ G X : ( 9l (f))Zi e and P(T G ) = {(c,)^ G X* : 
IXi c ^ converges in X*}. 

Note that the definition of an X^-Bessel sequence G for X requires 
T^{U G ) — X, while the definition of a sequence satisfying the lower X^-frame 
condition allows the domain of its analysis operator to be a subset of X. 

If X d is a Si^-space and G satisfies the lower X^-frame condition, then 
1Z(U G ) is closed in X d and U G has a bounded inverse L^T 1 : 1Z(U G ) — > V(U G ) 

If (9i)iZi is a (Hilbert) frame for % and (/i)^ satisfies (JT| or then 
(fi)°Zi satisfies the lower frame condition |5j [25] . In Banach spaces the cor- 
responding result is as follows: 

Lemma 2.1 Assume that X d is a CB-space. Let G be an X d -Bessel se- 
quence for X and let there exist F so that f = YliLi 9i(f) fi f or e ^ery 
f G X or g — ^2iLig{fi)9i for every g G X*. Then ¥ satisfies the 
lower Xj-frame condition, i.e., there exists a positive constant A so that 
A\\g\\ x . < ||G7(/i))£i||x 3 for those g for which (g(h))T=i € X*. 
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3 Characterization of the sequences based on 
an operator acting on the canonical basis 

As it was already mentioned in the Introduction, the concept of (Hilbert) 
frame is extended to three different concepts in Banach spaces, namely, 
atomic decompositions, Banach frames, and X d -frames. Here we charac- 
terize each one of them, as well as X^-Riesz bases and sequences which may 
fail the upper or the lower X^-frame condition. Note that the roles of G and 
F in an atomic decomposition (G, F) are not symmetric, so we characterize 
each one of them. 

Theorem 3.1 Let Xd be an RCB-space and let X be reflexive. 

(i) The X d -Bessel sequences for X are precisely the sequences {T5*) C *L 1 , 
where T : X^ — > X* is a bounded operator. 

(ii) The sequences in (X*) N satisfying the lower X d -frame condition are 
precisely the sequences (TS*)^, where the operator T : £>(T)(C 
X*) -> X* satisfies the properties: V(T) D lin{5*}~ 1; T(£" =1 Q<5*) 

T(YliLi C A*) as n ~ > 00 f or ever V J2ili c i^i e ^(T), and there exists 
A E (0,oo) so that ||T*(F)|| > A||F|| for every F E V(T*). 

(iii) The Xd-frames for X are precisely the sequences (T<5*)°i 1; where T : 
X^ — > X* is a bounded surjective operator. 

(iv) The Banach frames for X wrt Xd are precisely the sequences (T5*)°^ 1; 
where T : X^ — > X* is a bounded surjective operator which has a 
bounded right inverse defined from X* into X^. 

(v) The sequences G for which there exists an atomic decomposition (G, F) 
for X wrt Xd are precisely the sequences (T5*)?l 1 , where T : X^ — > 
X* is a bounded surjective operator such that T* has a left inverse 
L : V(L)(C X d ) X satisfying V(L) D lin-ftfj U 1Z{T*) and 
HY2=i T6*(m) L(EZi T6*(m) as n -+ 00 for every f E X. 

(vi) The sequences F for which there exists an atomic decomposition (G, F) 
for X wrt X d are precisely the sequences {T5 i ) c *L 1 , where the opera- 
tor T : X>(T)(C Xd) X satisfies the properties: V(T) D \m{5i}, 

T (J2i=l C i&i) T {Ya=1 C i$i) aS 71 ~> 00 f° r eVer V Ya=1 G V(T) 

and T has a bounded right inverse U : X — > X d with 1Z(U) C T>(T) 
and with surjective adjoint U* . 
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(vii) The X^-Riesz bases for X are precisely the sequences (T5j)^ 1; where 
T : Xd — >■ X is a bounded bijective operator. 

Proof, (i) follows from |9. Cor. 3.3]. 

(ii) First assume that the operator T : T>(T)(C X£) — > X* satisfies the 
conditions listed in (ii) and consider the sequence G given by $ = T5*, i G N. 
Let / G X be such that (gi(f)) G X^ and let F denote its correspondent 
element in X**. Consider an arbitrary element YliLi C A* ^ T>(T). Let C 
denote the basis constant of the canonical basis of Xd. For every n G N, 

oo 

E*(M • 

i=l 

Taking limit when n — > oo, it follows that FT is bounded on D(T). There- 
fore, F belongs to T>(T*). Furthermore, 

ll(^(/)X=ill = ll^(F)||>A||/||, 

which completes the proof. 

Conversely, assume that G satisfies the lower X^-frame condition. Then 
the operator T = Tq has the required properties. 

(iii) follows from [30, Th. 3.9]. 

(iv) Let G be a Banach frame for X w.r.t. Xd and let Q denote a Banach 
frame operator for G. By (iii), the operator Tq : X^ — y X* is bounded and 
surjective. Furthermore, Q* is a bounded right inverse of Tq. Take T = Tq. 

Conversely, assume that T : X* d — f X* is a bounded surjective operator 
which has a bounded right inverse W : X* — > XJ. Consider the sequence 
{gi)°Zi = (T6*)%L V By (iii), G is an X^-frame for X. Furthermore, W* is a 
Banach frame operator for G. 

(v) Let G be such that there exists an atomic decomposition (G, F) for 
X wrt Xd- By (iii), Tq is bounded and surjective. Consider the operator 

oo 

T:P{T) >.V. T ¥ ((c t )? =1 ) = Y,Cifi, (6) 

i=i 

where V{T ¥ ) = j (q)^ Glj:^ converges in X j . (7) 

Then we have R(T£) = R(U G ) C £>(T F ). Clearly, lin{^} C £>(T F ). Fur- 
thermore, for every / G X, T F (XT=i 9i(f)$i) ► r F (XXi 9i(f)$i) and 

n— >oo 

?fT£(/) = E,=i &(/)/< = /• Take T = T G and L = T F . 



FT 



E c A* 



,i=i 



< c 



E c ^* 



i=i 
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Conversely, assume that the operator T satisfies the conditions listed in 
(v) and consider the sequence G = (TS*)'?1 1 . By (iii), G is an X^-frame for 
X. Define fa := L5i, i G N. For every / el, 

n / n \ / oo \ 

£>(/)/< = L (][>(/)* — ► L $>(j% = £P(/) = /, 

i=l \i=l / n °° \i=l / 

which completes the proof. 

(vi) Let F be such that an atomic decomposition (G, F) for X wrt X^ 
exists. By Lemma 12.11 F satisfies the lower X^-frame condition. Consider 
the operator Tp given by (|SJ) and (171) . Clearly, T>(Ty) ^ lin-f^}^. Using (ii), 
it follows that T ¥ (Y™ =1 Q^) ->■ T F (^^i as n 00 for every ^°^ x c^j G 
P(2f)> Since {gi)^\ is an X^-frame for X, it follows that U<q is bounded with 
bounded inverse on 1Z(Uq) which implies (see, e.g., [2f)| Th. 4.15]) that Uq is 
surjective. Furthermore, we have TZ(U&) C P(Tp) and CTJe is a right inverse 
of Tp. Take T = Tf and [/ = 

Conversely, assume that T satisfies the conditions listed in (vi) and con- 
sider the sequence /j = Tdi, i G N. Define ^ := C/*5*, i G N. By (iii), G is an 
Xrframe for X. For every / G X, we have that (^(/))^ x = Uf G ft(E/) C 
P(T) and 

£>(/)/< = T W TU f = /> 

i=l \ i=l / 

which completes the proof. 

(vii) follows from [28| Prop. 3.4]. □ 



Characterization of duals of JQ-frames 

While a Hilbert frame G always has a sequence F satisfying (pQ), this is not 
so in the general case of an X^-frame. Casazza has proved that there exist 
Banach spaces X and p-frames G for X such that there is no sequence F 
satisfying 

00 

f = Y,9iif)fi^f^ X - (8) 

»=i 

The sequence {gi) ( ^ l = (e^ + ej + x)™i is an X^-frame (even a Banach frame) 
for % with respect to appropriate sequence space X^ and there is no sequence 
(fi)Zi e K N such that / = YZiU>9i)fi holds for all / G ft [9j. Theorem 
I3.1( v) gives a characterization of the X^-frames G for which there exists F 
satisfying (JSJ). 
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By |9J, when G is an X^-frame for X. X d is an RGB-space and 1Z(Uq) 
is complemented in Xd, then there exists F which is an X^-frame for X* 
and satisfies (JSJ); such a sequence F is called a dual X* d -frame of G. There 
exist X^-frames G for X and sequences F satisfying (jSJ) but not necessarily 
being X^-frames for X* (see Example 13. 2j) . Given an X^-frame G for X, 
Theorem 13.31 gives a characterization of all the sequences F satisfying (jSj) 
(such F will be called synthesis-pseudo-duals of G, in short, s-pseudo- duals) 
of G) if such ones exist, and a characterization of those ones among them, 
which are XJ-frames for X*. 

Example 3.2 [30, Ex. 5.1] Let X = £ p (1 < p < oo), be the canonical 

basis of X and (£ , ,)^ 1 be the coefficient functionals associated to (£j)^i- 
Then the sequence G = (§£a, E 2 , ^E\, E 3 , -kE\, E±, . . .) is a p-frame for X , 
the sequenced = (6-, £2, £i, £3, £i, £4, • • •) satisfies the lower q-frame condition, 
but does not satisfy the upper one, and 

00 00 

/ = £>(/)/*, V/ G X, and g = ^9 e 

i=i i=i 

Theorem 3.3 Lei X^ be an RCB-space and let G be an X^-frame for X. 
Then the following holds. 

(a) IfG has a dual X* d - frame, then all the dual X* d -frames ofG are precisely 
the sequences (L5j)°^ 1; where L : Xd — > X is a bounded linear extension 
ofU^ 1 . 

(b) IfG has an s-pseudo- dual, then all the s-pseudo-duals ofG are precisely 
the sequences {L8i) < ^ x where the operator L : T>(L)(C — > X has 
the properties: T>(L) D lin{<5j} UH(U&), L is a linear extension ofU^ 1 
and L(Y, n i=i9iU)bt) -> L {J2Zi9i(f)^i) as n ^ 00 for every f G X. 

Proof. First note that X is reflexive because of the assumptions. 

(a) If L is a bounded linear extension of Uq , it is proved in [91 Prop. 
3.4] that (L8i)fl 1 is a dual X^-frame of G. Let now F be a dual X^-frame of 
G. By Theorem l3.lt the sequence F has the form (T<5 i )^ 1 for some bounded 
surjective operator T : Xd — > X. Furthermore, (jSJ) implies that T is an 
extension of Uq . Take L = T. 

(b) is easy to prove using arguments from Theorem 13.11 □ 
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Thus, when Xd is an i?C-B-space and G is an X^-frame for X, then an 
s-pseudo-dual F of G is a dual X^-frame of G if and only if Tf is bounded on 
V(T W ). 

For conditions equivalent to the existence of dual X^-frames of X^-frames 
see PIES]. 

There exist series expansions in the form (jSJ) where G is an X^-Bessel 
sequence and not an X^-frame. As a trivial example, consider the Bessel 
sequence G = (fe^)?^ and the expansions / = YlZiif' ^ e i)i> e i, V/ G H. 
Some characterizations from Theorems 13.11 and 13.31 connected to X^-frames 
can easily be extended to X^-Bessel sequences: 

Proposition 3.4 Let Xd be an RCB-space and X be reflexive. Then the 
following statements hold. 

(a) The X^-Bessel sequences G for which there exists ¥ satisfying (Q|) are 
precisely the sequences (Tb~*) c *L l , where T : X^ — > X* is a bounded 
operator such thatT* has a left inverse L : P(L)(C X^) — > X satisfying 

V(L)D\m{5 t }un(T*) andL(J2ti T t:Wi)^ L (EZi T t:Wi) as 
n — > oo for every f G X. 

(b) Let G be an X^-Bessel sequence for X . If there exists ¥ satisfying ([3J) ; 
then all possibilities for ¥ are precisely the sequences {Tb~i) c *l 1 where 
the operator T : X>(T)(C Xd) — > X has the properties: T>(T) D 
\m{5i} U 1Z(Uq), T is a left inverse of U& and T(Y^=i gi(f)Si) — > 
T (HZi9i(f)$i) asn-^oo for every f G X. 

(c) The sequences ¥ for which there exists an Xd-Bessel sequence G for 
X satisfying are precisely the sequences {Tb~i) c *L x , where the oper- 
ator T : TJ(T)(C Xd) — > X satisfies the properties: T>(T) D lm{8i}, 

T (Y!i=i c ^i) ~> T (Y,iLi c ih) as n ^ oo for every Y^Zi c ^ e 
and T has a bounded right inverse U : X — > Xd with TZ{U) C T>(T). 

Let Xd be an i?CB-space. There is no need to characterize dual XJ-Bessel 
sequences of X^-Bessel sequences, because if G is an X^-Bessel sequence for 
X and F is an X^-Bessel for X* satisfying flH]), then G is an X^-frame for X 
and F is an X^-frame for X* |30| . 
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Connection between expansions in X and X* 

Let be an RC 5-space and let G be an X^-Bessel sequence for X. If F is 
an X^-Bessel sequence for X*, then F satisfies (JS} if and only if it satisfies 

oo 

= £>(/O0i> VgGP, (9) 
1=1 

see |30[ Lemma 4.3]. If F is not an XJ-Bessel sequence for X*, such equiva- 
lence does not hold in general. There exist cases when both representations 
(JSJ) and hold (see Example 13. 2p and there exist cases when flS} holds, but 
(Q does not hold (see Example 13.51 below). In Proposition 13.61 we determine 
a subset of X* where the representation g = Ylli 9{fi)9i holds based on 
validity of (JS}. For investigation of the converse situation (conclusions for 
/ = J29i(f)fi assuming validity of g = Ei=i v # e V (U ¥ )) see [27] 

switching the roles of (/i)^ and (gi)^. v 

Example 3.5 Consider the frame G = (ei, ei, e 1; e 2 , e 2 , e 2 , e 3 , e 3 , e 3 , . . .) for 
H and the non-Bessel sequence F = (ei, e±, — ex, e2, e±, — e±, e%, e\, — e±, . . .). 
Then (TJP holds, but ^ does not hold - more precisely, the representation 
9 = Y^Li(9i fi)9i holds if and only if g belongs to the closed linear span of 

Proposition 3.6 Let X^ be an RCB-space, G be an X^-Bessel sequence for 
X, and F satisfy (TJj. Then g = Y%Li9{fi)9i f or ever U 9 e D(T£). 

Proof. By Lemma 12.11 the sequence F satisfies the lower X^-frame condi- 
tion. Consider the operator given by ([6]) and (J7J). Clearly, F = (Tgdi) 
and Ty is a left inverse of U&. Further, for every g G D(T£) we have 
Eli 9(fi)9i = MEli 9Tw(6i) 5*) -> Uffi(g) = ^ as rw oo. □ 

Remark 3.7 The sequences in Example 1 3. 51 fulfill the assumptions of Propo- 
sition!^ D(T;)^n, and 

oo 

g = ^2(g, fi)g% if and onl v if g e D(T£). 
i=i 

This shows that in general Proposition \3.6i can not be improved in the sense 
that the set of validity of g = 5^=10 (/*)<?» can not be extended. However, 
there exist certain cases where the the assumptions of Proposition \3.6i hold, 
D(T;) ^ X*, and holds - see Example\EB (note that E x $ V(T*)). 
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4 Operators keeping the sequence type 



For a given sequence G, here we consider conditions on an operator V defined 
on lin-fgj}^ which preserve the sequence type. First consider the case of X,i- 
Bessel sequences. If G is an X^-Bessel sequence for X, then (Vg^^ is an 
X^-Bessel sequence for X if and only if the operator VT&\u a {s?}??_ is bounded. 
Note that the condition "the operator VT&\n n {s*y°o is bounded" can not be 
relaxed to the condition "the operator VT(j|]in{<y*}?^ is bounded on the set 
{5.*}°^". Consider for example the Bessel sequence G = (ej)^ and the 
operator V given by Ve^ := ei, i 6 N. In a similar way as in the X^-Bessel 
sequence case, using Theorem 13. H one can list conditions on V (more precisely, 
on T(y g .)) which are necessary and sufficient to preserve the type of the 
sequences discussed in Theorem 13.11 and we will skip the listing. In general, 
these conditions do not require V to be bounded. Consider for example 
the Bessel sequence G = (-ej)?^ (or the sequence G = (iej)^ 1 satisfying 
the lower frame condition) and the operator V given by Vei := ie^i G N. 
However, operators which keep the JQ-Riesz basis property must be bounded: 

Lemma 4.1 Let X& be a CB-space and let F be an X^-Riesz basis for X . 
Let an operator V : linj/i}^ — > X be given. If (Vfi)°Z l is an X^-Riesz basis 
for X, then V is bounded. 

Below we concentrate on bounded operators and determine the addi- 
tional conditions which are necessary and sufficient to preserve the sequence 
type. We are motivated by [TJ, where the author investigates constructions 
of frames using a given frame; this is of interest for construction of frames 
with desired properties suitable for applications. 

Proposition 4.2 Let X be reflexive, X^ be an RCB-space and V be a 
bounded operator from X* into X* for (i)-(iv) and from X into X for (v). 
Then the following statements hold. 

(i) Let G be an X^-Bessel sequence for X. Then {Vgt)^ is an X^-Bessel 
sequence for X . 

(ii) Let G be an X^-frame for X . The sequence (Vgt)^ is an X^-frame 
for X if and only if V is surjective. 

(iii) Let G be a Banach frame for X wrt JQ. The sequence {Vgi)°? =1 is a 
Banach frame for X wrt Xj if and only if V is surjective and it has a 
bounded right inverse W : X* — > X* . 
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(iv) Let G be such that there exists an atomic decomposition (G, F) for 
X wrt Xd- The sequence (Vgi)^ is the first one in some atomic 
decomposition if and only if V is surjective and U&V* has a left in- 
verse L : T>(L)(C X d ) X satisfying V(L) D \in{5 l } U K(U G V*) and 
HT,ti VfrWi) -> HYZi Vgi(M) asn^oo for every f 6 X. 

(v) Let ¥ be an Xd-Riesz basis for X . The sequence (V fi) c *L l is an Xd-Riesz 
basis for X if and only if V is bijective. 

Proof. We give sketch of the proofs. 

(i) If Bq denotes an X^-Bessel bound for G, then for every / G X one 
has (V 9i (f)) = ( 9i (V*f)) E X d and \\(V gi (f))\\ Xd < B G \\V\\ \\f\\. 

(ii) By (i), (Vgi)^ is an X^-Bessel sequence for X. Further, the sequence 
(Vgi)^l 1 satisfies the lower X^-frame condition if and only if there exists A > 
so that ||V*/|| > A||/||, V/ 6 X, which is equivalent to V being surjective. 

(iii) Let Q denote a Banach frame operator for G. 

First assume that V is surjective and V has a bounded right inverse 
W : X* -> X*. By (ii), G is an X d -frame for X. Further, W*Q is a Banach 
frame operator for (Vgi)^l v 

Conversely, assume that (Vgi)^ is a Banach frame for X wrt Xd and 
let Qi denote a Banach frame operator for (Vgi)^l v By (ii), V is surjective. 
Further, Tq(Qi)* is a bounded right inverse of V. 

(iv) and (v) follow easily using Theorem 13.11 □ 

Remark For a given X^-frame (resp. X^-Bessel sequence, Banach frame, 
atomic decomposition, sequence satisfying the lower X^-frame condition) G 
for X, not all the X^-frames (resp. X^-Bessel sequences, Banach frames, 
atomic decompositions, sequences satisfying the lower X^-frame condition) 
for X can be obtained in the way (Vgi) using an operator V. Consider for ex- 
ample the frame G = (ei, ex, 62, e^, e^, . . .) and the frame (ei, 62, e^, e^, e$, . . .) 
for "H, which can not be written as (Vgi) for any operator V. In contrary, 
when Xd is a CB-space and an X^-Riesz basis F for X is given, then every 
X^-Riesz basis W = (Wi) for X can be written in the way (Vfi) using the 
operator V = T^/T^ 1 which is a bounded bijection of X onto X. 
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5 Application to Hilbert frame theory 

Characterization of the s-pseudo-duals of a frame 

As a consequence of Theorem 13. 3[ the s-pseudo-duals of a (Hilbert) frame 
can be characterized as follows. 

Corollary 5.1 Let G be an overcomplete frame forH. Then the s-pseudo- 
duals ofG are precisely the sequences {L8i}^l l where the operator L : X>(L)(C 
£ 2 ) — > % has the properties: T>(L) D lin{<5j} \JlZ(U&), L is an extension of 



U G l and L(Y% =1 (f,g%)6i) -> HYXLi(fi9i}8i) as n ^ oo for every f G X. 



An s-pseudo-dual of G is a frame if and only if L is bounded on T>(L). 

Class of frames G such that any sequence F satisfying (|TD is auto- 
matically a dual frame of G 

There has been a question in the frame theory to characterize frames whose 
s-pseudo-duals are automatically frames. As a consequence of Corollary 15. 1[ 
the following statement gives a class of such frames. 

Proposition 5.2 Let G G 7/ N be a frame for % and let (1Z(Ug)) ± be finite- 
dimensional. Then any s-pseudo-dual of G is a dual frame ofG. 

As an illustration of Proposition 15. 2\ consider the frame G = 
(ei, ei, e 2 , e 3 , e 4 , . . .) for H. Any s-pseudo-dual of G has the structure 
(w, e\ — w, e2, es, e^, . . .) for some w G % and it is a frame for %. 

The lower frame condition and its connection to expansions 

It is proved in [5J that a sequence F satisfies the lower frame condition if and 
only if there exists a Bessel sequence G such that / = 'Y^L\{f ■> fi) 9u W G 
T>{Uf). Here we investigate the situation when F is the synthesis sequence in 
the expansion. 

Proposition 5.3 Let F G "H N satisfy the lower frame condition and let Uw 
be densely defined. Then there exists a Bessel sequence G in% satisfying 



f = / Af,9i)f% f° r ever V / eW such that } (f,g l )f i converges. (10) 



oo 



oo 





i=l 



i=l 
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Proof. Since H(U$) is a closed subspace of I 2 [5] and U^ 1 is bounded, 
there exists a bounded extension V : £ 2 — > H of U^ 1 . Define gi = V5i, i EN. 
Clearly, G is a Bessel sequence in %. Let / E H be such that Ylili(fi9i)fi 
converges. Using Theorem I3.1f ii) and the fact that C U£ [TJ Prop. 4.6], 
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